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Abstract
We discuss pseudoduality transformations in two dimensional conformally invariant clas-
sical sigma models, and extend our analysis to a given boundaries of world-sheet, which
gives rise to an appropriate framework for the discussion of the pseudoduality between D-
branes. We perform analysis using the Euclidean spacetime and show that structures on the
target space can be transformed into pseudodual manifold identically. This map requires
that torsions and curvatures related to individual spaces are the same when connections are
riemannian. Boundary pseudoduality imposes locality condition.
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1 Introduction
The term ‘duality’ is widely used in physics literature to express that two different systems turn
out to be equivalent when there is a duality transformation between these systems. In string
theory people use the term ‘target space duality’ [1, 2, 3, 4] if there is a canonical transformation
between target spaces in which strings move. This transformation preserves the hamiltonian.
In recent years a new type of duality transformation called pseudoduality was suggested by
Curtright and Zachos, Ivanov and Alvarez 1 [5, 6, 7, 8]. This new topical issue is quite interesting
since it addresses duality transformation on the world-sheet as distinct from the usual duality
transformation on the target space. The prominent feature of pseudoduality is to preserve the
∗E-mail address: msarisaman@ku.edu.tr, Phone: +90 212 338 1378, Fax: +90 212 338 1559
1The term ‘pseudoduality’ was first introduced by Curtright and Zachos in [7], used by Ivanov [8], and developed
by Alvarez [5, 6]
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stress-energy tensor, and therefore in principle not a canonical transformation [5, 6]. This ‘on-
shell’ duality transformation is carried out by mappings between the solutions of the equations
of motion.
In our prior research we analysed pseudoduality in symmetric space sigma models [16] based
on Lie group valued fields, and extended it to supersymmetric case in [9, 10, 11]. In these papers,
there were some global problems traced back to the signature of the worldsheet, especially in
supersymmetrized worldsheet. In order to designate and solve this concern, we work with Wick
rotated worldsheet in the present paper.
Recent studies [5, 9, 10, 11] about pseudoduality in sigma models revealed that constructing
pseudoduality in the worldsheet with lorentzian signature is not a pleasant approach since the
negative sign in the pseudoduality expressions arising from lorentzian point of view leads to the
vanishing torsion in both manifolds and more importantly when supersymmetry is imposed, to
non invertible mapping which maps all the points on one manifold to only one point on the
pseudodual manifold. This is the point that has vanishing Riemann connection. It is under-
stood [9] that it is better to perform the pseudoduality between worldsheets which have general
(non-Lorentzian) signatures. To realize this goal, in this paper we set up a simplified version,
the Euclidean pseudoduality transformations. Accordingly we extend our analysis to the given
boundaries of the world-sheet coordinates in the classical sigma models.
It was observed [9] that expressing pseudoduality in standard lightcone coordinates causes
the geometry of target spaces to be torsion free, and sigma model is not globally defined on
the pseudodual manifold. Therefore it is not invertible. To fix this problem we will introduce
alternative pseudoduality expressions in the Euclidean worldsheet which is parameterized by τ
and σ. We point out that alternative pseudodualities adjust the curvatures of target spaces by
means of a modified connection so that target spaces are globally well-defined and constructed as
diffeomorphic and dual symmetric spaces respectively with respect to the modified connections in
these cases, which are not just a characteristic of sigma models. Pseudoduality also imposes that
torsions of the target spaces on which sigma models are based produce infinitely many conditions
related to their covariant derivatives in the first case, and vanish in case of symmetric spaces
which coincides with the results obtained in literature.
2 The Framework
The sigma model with target space M , metric g and antisymmetric 2-form b is denoted by
(M, g, b) and has the action in the Euclidean worldsheet Σ [12]
2
S =
1
2
∫
Σ
d2σ
√
h[hµν∂µx
i∂νx
jgij(x) + iǫ
µν∂µx
i∂νx
jbij(x)]
=
∫
Σ
d2σ[(
1
2
gij
∂xi
∂τ
∂xj
∂τ
+
1
2
gij
∂xi
∂σ
∂xi
∂σ
) + ibij
∂xi
∂τ
∂xj
∂σ
)] (1)
where x : Σ −→M is specified locally by the functions xi(σ) giving the dependence of coordinates
xi of M on the coordinates σµ of Σ. The worldsheet Σ is endowed with the Euclidean metric hµν
with h =| det(hµν) |. The globally defined closed 3-form H is locally given by H = db. Notice
that Euclidean version of the action is obtained by Wick rotation of the Lorentzian case (see
appendix) in the case in which h is flat. Since gij(x) and bij(x) have real components, the term
involving b is pure imaginary so that action is complex.
We will assume that sigma model is defined on a region U of Σ with boundary ∂U . Equations
of motion following from this action in the bulk space will be
xiττ + x
i
σσ = −Γijk(xjτxkτ + xjσxkσ) + iH ijkxjτxkσ (2)
with the corresponding Dirichlet and Neumann boundary conditions respectively
δxi = 0 (3)
xiσ − ibijxjτ = 0 (4)
where we defined xτ ≡ ∂x∂τ and xσ ≡ ∂x∂σ . We would like to relate the sigma model (M, g, b) to a
different one (M˜, g˜, b˜) by means of these equations. The pseudodual model will be represented
by (M˜, g˜, b˜) and similar expressions may be written on (M˜, g˜, b˜) using tilde. As it is well known
pseudoduality equations are best formulated on the orthonormal coframe bundle 2.
We choose an orthonormal frame {θi} with the riemannian connection ωij defined on the
worldsheet as
θi = xiadπ
a = xiτdτ + x
i
σdσ (5)
where the worldsheet coordinates are given by π = (τ, σ). The indices in the middle of alphabet
denote coordinates on the target manifold while indices a, b, c... represent coordinates of the
worldsheet. In what follows we will construct two different pseudoduality equations. The first
one yields the coordinate diffeomorphisms and the second case restricts manifolds to symmetric
spaces.
2Orthonormal coframe bundle is defined on SO(M) =M × SO(n).
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2.1 Case I: Pseudoduality to Coordinate Diffeomorphisms
In this case we assume that pseudoduality equations are defined on wick rotated world-sheet
using the pullback bundle of target space as θ˜ = Tθ. These are explicitly written as
x˜iτ = T
i
jx
j
τ (6)
x˜iσ = T
i
jx
j
σ (7)
in order to better understand these equations we will inquire the integrability conditions of these
equations as in [5, 9]. We define the covariant derivative of xia
dxia + ω
i
jx
j
a = x
i
abdπ
b (8)
Cartan structural equations are given by
dθi + ωij ∧ θj = 0 (9)
dωij + ω
i
k ∧ ωkj = Ωij (10)
where Ωij =
1
2
Rijklθ
k ∧ θl is the curvature two-form. We take the exterior derivative of (6) and (7)
and use the covariant derivative (8) to obtain the following
x˜iτbdπ
b = [dT ik − T ijωjk + ω˜ijT jk ]xkτ + T ijxjτbdπb (11)
x˜iσbdπ
b = [dT ik − T ijωjk + ω˜ijT jk ]xkσ + T ijxjσbdπb (12)
These two equations are intriguing and lead to take advantage of equations of motion and the
desired integrability conditions for the pseudoduality equations. As opposed to the method
followed in [9, 10] we first and foremost wedge the first equation (11) by dτ and the second (12)
by dσ, and use xτσ = xστ (similarly x˜τσ = x˜στ ) to get
[dT ik − T ijωjk + ω˜ijT jk ]xkτ ∧ dτ + [dT ik − T ijωjk + ω˜ijT jk ]xkσ ∧ dσ = 0 (13)
For the sake of clarity we split the core part of this equation as [dT ik − T ijωjk + ω˜ijT jk ] = Aikτdτ +
Bikσdσ. Therefore, with the use of (5), (13) can be rewritten as
Cikaθk ∧ dπa := Aikτθk ∧ dτ + Bikσθk ∧ dσ = 0
We consider first the “weak” case where Cika = 0, which requires Aikτ = 0 and Bikσ = 0. Therefore
we come up with the first integrability condition
[dT ik − T ijωjk + ω˜ijT jk ] = 0 (14)
Notice that we have not still made use of the equations of motion for sigma models. This leads
to the conclusion that (14) is not special to just sigma models but a property of pseudoduality
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itself. What characterizes pseudoduality in sigma models is obtained by wedging (11) by dσ and
(12) by dτ , and subtracting the resulting equations to get
(x˜iττ + x˜
i
σσ)dτ ∧ dσ = T ij (xjττ + xjσσ)dτ ∧ dσ (15)
dτ ∧ dσ is trivial and can be cancelled out. Inserting the equations of motion (2) one obtains
− Γ˜ijk(x˜jτ x˜kτ + x˜jσx˜kσ) + iH˜ ijkx˜jτ x˜kσ = −T ijΓjmn(xmτ xnτ + xmσ xnσ) + iT ijHjmnxmτ xnσ (16)
Notice that this equation consists of symmetric and antisymmetric parts, which leads to the
decomposition into two distinct equations. Using pseudoduality equations (6) and (7) in these
resulting expressions yields the remaining integrability conditions which are special to sigma
models
T ijΓ
j
mn = Γ˜
i
jkT
j
mT
k
n (17)
T ijH
j
mn = H˜
i
jkT
j
mT
k
n (18)
These equations can be investigated further by taking exterior derivatives. Exterior derivative of
(17) together with condition (14) yields that
T ijΩ
j
n = Ω˜
i
jT
j
n (19)
where we defined ωij := Γ
i
kjθ
k, Γij := Γ
i
kjθ
k and used the curvature two form dΩ
′i
j = dΩ
i
j =
dΓij + Γ
i
k ∧ Γkj (similarly for ω˜ij := Γ˜ikj θ˜k, Γ˜ij := Γ˜ikj θ˜k and dΩ˜ij = dΩ˜
′i
j = dΓ˜
i
j + Γ˜
i
k ∧ Γ˜kj ). This
requires that curvatures of pseudodual manifolds are related to each other by
T ijR
j
kℓm = R˜
i
jℓpT
j
kT
ℓ
mT
p
n (20)
One may continue taking additional exterior derivatives to understand the integrability condi-
tions. But notice that (17) causes (14) to reduce to the form dT = 0, which yields that T is
constant. Hence it is understood that T is just a constant change of bulk coordinates, xi = T ijx
j ,
which gives an obvious interpretation of the equations (17), (18) and (20). A constant change
of coordinates is an obvious pseudoduality, since the sigma-model is invariant under bulk dif-
feomorphisms. Therefore, torsions and curvatures together with their covariant derivatives are
equivalent to each other as expected, i.e.
Rijkℓ = R˜
i
jkℓ, DR
i
jkℓ = D˜R˜
i
jkℓ, D . . .DR
i
jkℓ = D˜ . . . D˜R˜
i
jkℓ,
H ijk = H˜
i
jk, DH
i
jk = D˜H˜
i
jk, D . . .DH
i
jk = D˜ . . . D˜H˜
i
jk, (21)
where D = D˜ is the covariant derivative with respect to the associated riemannian connection.
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If one uses the general case that the components of Cika are related to each other by the
relation (13), and follow the same steps as above one obtains the following conditions
T ijH
j
mn = H˜
i
jkT
j
mT
k
n (22)
dT ij + ω˜
i
kT
k
j − T ikωkj + T ikΓkljθl − Γ˜iklT kmT ljθm = 0 (23)
The first result is the same as (18) and reveals the relation between torsions. The main difference
with the “weak” case comes with the second relation and in order to better understand it we
define a new (modified) connection ξij := ω
i
j − Γikjθk (and ξ˜ij := ω˜ij − Γ˜ikj θ˜k), which leads (23) to
dT ij + ξ˜
i
kT
k
j − T ikξkj = 0 (24)
Hence it is manifest that the “weak” case corresponds to ξ = ξ˜ = 0. Since the characteristics of
the pseudoduality is encoded in the transformation map T , it is required to further seek out the
integrability of (24), which produces that
T ij (Ωξ)
j
k = (Ω˜ξ)
i
jT
j
k (25)
where we defined a new (modified) curvature two form3 (Ωξ)
i
j := Ω
i
j −Ω′ij := 12(Rξ)ijkℓθk ∧ θℓ (and
the same relation with tilde on pseudodual manifold). Therefore, the relation between curvatures
is similar to (20) and given by
T ij (Rξ)
j
kmn = (R˜ξ)
i
jℓpT
j
kT
ℓ
mT
p
n (26)
One can work out further integrability of (26) using (24) to obtain that
T ij (DξRξ)
j
kℓm = (D˜ξ˜R˜ξ)
i
jℓpT
j
kT
ℓ
mT
p
n , T
i
j (Dξ . . .DξRξ)
j
kℓm = (D˜ξ˜ . . . D˜ξ˜R˜ξ)
i
jℓpT
j
kT
ℓ
mT
p
n (27)
where Dξ (D˜ξ˜) is the covariant derivatives with respect to the modified connection ξ ( ξ˜), and
defined by
(DξRξ)
i
jkℓ := d(Rξ)
i
jkℓ + (Rξ)
q
jkℓξ
i
q − (Rξ)iqkℓξqj − (Rξ)ijqℓξqk − (Rξ)ijkqξqℓ
Therefore, we obtain the conclusion that pseudoduality in general sense requires connections ξ and
ξ˜ defined respectively on manifolds M and M˜ to be related to each other by the psedudoduality
relation (24). Unlike the cases we discussed earlier, curvatures are not constant and the same,
but newly defined (modified) curvatures related to modified connections are preserved under the
map T . Compared to results found in [5, 6, 9, 10, 11, 16] this does not amount to symmetric
3Cartan structural equation for this modified connection in terms of modified curvature two form is dξij +
ξik ∧ ξkj = (Ωξ)ij . Substituting ξij = ωij − Γikjθk in this equation one obtaines the corresponding Cartan structural
equations for ωij and Γ
i
j .
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spaces with respect to modified spaces with connections ξ and ξ˜. In the special case that modified
connection vanishes (“weak” case above), usual curvature relations are obtained.
To interpret torsions similarly, one needs to take exterior derivative of (22), which leads to
T ij (DξH
j
mn) = (D˜ξ˜H˜
i
jk)T
j
mT
k
n (28)
where the covariant derivative Dξ of H
i
jk with respect to ξ is defined by
DξH
i
jk := dH
i
jk +H
q
jkξ
i
q −H iqkξqj −H ijqξqk
Taking further exterior derivatives by repeated use of (24) produces infinitely many integrability
conditions in terms of covariant derivatives with respect to ξ and ξ˜ for H ijk and H˜
i
jk
T ij (DξDξH
j
mn) = (D˜ξ˜D˜ξ˜H˜
i
jk)T
j
mT
k
n
T ij (DξDξDξH
j
mn) = (D˜ξ˜D˜ξ˜D˜ξ˜H˜
i
jk)T
j
mT
k
n
T ij (Dξ . . .DξH
j
mn) = (D˜ξ˜ . . . D˜ξ˜H˜
i
jk)T
j
mT
k
n (29)
Therefore, torsions under pseudoduality are mapped by (22), (28) and (29).
In case of supersymmetric extension of the worldsheet, it is obvious that one can find the
same results if the methods and conventions in [9] are followed. This will not be discussed here.
2.2 Case II: Pseudoduality to Symmetric Spaces
Based on above results, an alternative expression which will make use of the equations of motion
can be written for pseudoduality as θ˜ =∗Σ Tθ, where ∗Σ is the Hodge duality operator, or explicitly
x˜iτ = T
i
jx
j
σ (30)
x˜iσ = −T ijxjτ (31)
Notice that we put a negative sign in the second equation to satisfy the equations of motion.
After a little computation it is easy to show that equations (11) and (12) turn to
x˜iτbdπ
b = [dT ik − T ijωjk + ω˜ijT jk ]xkσ + T ijxjσbdπb (32)
x˜iσbdπ
b = −[dT ik − T ijωjk + ω˜ijT jk ]xkτ − T ijxjτbdπb (33)
Wedging first equation by dτ and second equation by dσ, and adding together produces two
results
H = 0 (34)
dT ik + ω˜
i
jT
j
k − T ijγjk = 0 (35)
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where we used the equations of motion for (M, g, b) and defined a modified connection γij :=
ωij+Γ
i
kjθ
k on manifoldM . Likewise, one wedges the first equation by dσ and the second equation
by dτ , and subtract from each other to produce the following results
H˜ = 0 (36)
dT ik + γ˜
i
jT
j
k − T ijωjk = 0 (37)
where we used the equations of motion for sigma model (M˜, g˜, b˜) and defined a new modified
connection γ˜ij := ω˜
i
j+Γ˜
i
kjθ
k on manifold M˜ . Thus we understand that this type of pseudoduality
kills torsions H and H˜, and thus gives rise to torsionless manifolds. Actually this explains why
Ivanov used torsionless manifolds in his construction [8]. To grasp the remaining equations we
subtract (35) from (37) to get
Γ˜ijT
j
k = −T ijΓjk (38)
This impressive relation is similar to (17) except for the negative sign and actually determines the
geometry of the manifolds under pseudoduality. We take the exterior derivative and selectively
insert (35) and (37) to get
dΩ˜ijT
j
k = −T ijdΩjk
where we used dΩij = dΓ
i
j +Γ
i
k ∧Γkj (and similarly for tilded expression). This gives us a relation
between curvatures similar to (20)
R˜ijkℓT
j
mT
k
nT
ℓ
p = −T ijRjmnp (39)
Intriguing point presents itself when we take one more exterior derivative and again selectively
insert (35) and (37) to get DRijkℓ = D˜R˜
i
jkℓ = 0, where D is the covariant derivative with respect
to the connection γij and D˜ is the covariant derivative with respect to γ˜
i
j. Therefore, we obtain
that manifolds are symmetric spaces with opposite curvatures. We obtain similar result as in
[17] using a different version of pseudoduality equations
In conclusion, we understand that case I pseudoduality arising from the setup θ˜ = Tθ yields a
coordinate diffeomorphism with modified connections, but case II pseudoduality originating from
θ˜ =∗Σ Tθ leads manifolds M and M˜ torsionless and symmetric spaces with opposite curvatures.
It is obvious that symmetric space property is a result of hodge duality operator. Unlike the
results found in [5, 6, 9, 10], pseudoduality imposes the restriction that manifolds are torsionless.
3 Pseudoduality at Boundaries
We extend our analysis around the boundaries of the region ∂U of the worldsheet Σ. Pseudod-
uality can be formulated at boundaries by means of the Stokes’ theorem,
∫
∂U
θ′ =
∫
U
dθ′ where
8
dθ′ = θ and θ′ is defined at the boundaries. As one might expect pseudoduality equations are
reduced to
x˜i = T ijx
j (40)
where we use Dirichlet, Neumann or mix mappings T = {TD, TN , TM} depending on the type
of boundary conditions. If we only have Dirichlet boundary condition (3) then T = TD is a
constant and pseudoduality equations are simply x˜i = xi. If we only have the Neumann boundary
condition (4), then taking the exterior derivative of (40) with T = TN gives
dx˜i = (dTN)
i
jx
j + (TN)
i
jdx
j (41)
where θ′ = x is taken at boundary ∂U . We define the corresponding connection one form ω
′i
j and
the covariant derivative
dxi + ω
′i
j x
j = xiadπ
a
Substituting the covariant derivative in (41) together with (40) we obtain
x˜iadπ
a = [(dTN)
i
k + ω˜
′i
j (TN)
j
k − (TN)ijω
′j
k ]x
k + (TN)
i
jx
j
adπ
a
Subsequently we wedge this expression with dσ and dτ to obtain
x˜iτdτ ∧ dσ = [(dTN)ik + ω˜
′i
j (TN)
j
k − (TN )ijω
′j
k ]x
k ∧ dσ + (TN)ijxjτdτ ∧ dσ
x˜iσdσ ∧ dτ = [(dTN)ik + ω˜
′i
j (TN)
j
k − (TN )ijω
′j
k ]x
k ∧ dτ + (TN)ijxjσdσ ∧ dτ
Afterwards these two expressions can be inserted in the boundary condition (4) for the (M˜, g˜, b˜)
to obtain
−ib˜ij [(dTN)jk + ω˜
′j
l (TN)
l
k − (TN)jlω
′l
k ]x
k ∧ dσ + ib˜ij(TN )jlxlτdσ ∧ dτ =
[(dTN)
i
k + ω˜
′i
j (TN )
j
k − (TN)ijω
′j
k ]x
k ∧ dτ + i(TN )ijbjkxkτdσ ∧ dτ (42)
In order to better understand the resultant expression we define the following tensors
U ikτdτ = ib˜
i
j [(dTN)
j
k + ω˜
′j
l (TN)
l
k − (TN)jlω
′l
k ]x
k + i
1
2
b˜ij(TN )
j
kx
k
τdτ − i
1
2
(TN)
i
jb
j
kx
k
τdτ (43)
U ikσdσ = [(dTN)
i
k + ω˜
′i
j (TN )
j
k − (TN)ijω
′j
k )x
k − i1
2
b˜ij(TN)
j
kx
k
τdσ + i
1
2
(TN)
i
jb
j
kx
k
τdσ (44)
These tensors can be put in (42) to yield U ikτ = U
i
kσ. Note that these are the constant tensors.
We pull off the minimal case and take them to be zero. It is manifest that splitting dTN+ ω˜
′
TN−
TNω
′
= A′dσ + B′dτ into dσ and dτ directions, and adding and subtracting (43) and (44) one
obtains
(dTN)
i
k + ω˜
′i
j (TN)
j
k − (TN)ijω
′j
k = 0 (45)
(TN)
i
jb
j
k = b˜
i
j(TN)
j
k (46)
9
The first result (45) may be proceeded by taking the exterior derivative and considering the
integrability conditions to yield the result that curvatures at the boundaries are the same, R
′i
jkl =
R˜
′i
jkl. One may proceed in a similar way to get an infinite number of relations between covariant
derivatives of curvatures. This is not a surprising result since it is an extension of the bulk
space results. But interesting result appears in (46) because it describes that pseudoduality at
boundaries requires the equality of two form fields b and b˜ while pseudoduality in bulk space
demands the equality of torsions (22). Because antisymmetric b and b˜-fields are locally defined
as opposed to the H and H˜-fields which are globally defined it is understood that pseudoduality
at boundaries impose the locality constraint while it is globally defined in the bulk space. This is
a natural consequence of the Stokes’ theorem which is used to derive the boundary pseudoduality
expressions.
One may verify these results in case that (6) and (7) are extended to the boundaries with
the restriction (4). Substitute (6) and (7) in x˜iσ − ib˜ij x˜jτ = 0 on M˜ and use the same boundary
condition xiσ − ibijxjτ = 0 on M to obtain the result (46).
Now we consider the pseudoduality in case that there exist mixed boundary conditions. We
introduce the projection operators P i±j ≡ 12(δij ± Rij) as in ([13]) where the (1, 1)-tensor Rij(x)
satisfies
RikRkj = δij
and leads the metric to be invariant
RjigjkRkl = gil
after all it is a symmetric tensor, Rij = Rji. In other words P+ and P− project onto the
Neumann and Dirichlet directions respectively. Therefore the boundary conditions (3) and (4)
can be interpreted as
P i−jδxj = 0
P i+j(xjσ − ibjkxkτ ) = 0
These equations can also be expressed as follows
δxi = P i+jδxj (47)
xiσ = P i−jxjσ + iP i+jbjkPk+lxlτ (48)
where xiτ = P i+jxjτ is implemented in (48) if (47) can be put into δxi = xiτδτ if the time in-
dependence is assumed. Furthermore, it is easy to obtain that the projection operator P+ is
integrable,
Pj+[iP l+k]Pm+j,l = 0
This integrability condition requires that the commutator of two infinitesimal displacement in the
Neumann direction remains in the Neumann direction, see ([13]). Therefore setting T = TM and
10
introducing Si∓∓ℓ := P i∓j(TM)jkPk∓ℓ the boundary pseudoduality expression (40) can be written
in Dirichlet and Neumann directions respectively
P˜ i+jx˜j = Si++ℓxl (49)
P˜ i−jx˜j = Si−−ℓxl (50)
with the requirements
Si+−ℓxl = 0 and Si−+ℓxl = 0
Notice that the first expression (49) represents the Dirichlet whereas the second one (50) corre-
sponds to the Neumann boundary conditions. As a result taking δ of the first expression leads
to two distinct relations
P˜ i+jδx˜j = Si++jδxj (51)
P˜ i+j,k(TM)jℓSk++n = Si++ℓ,mPm+n (52)
Note that if TM = constant is picked, then Si++ℓ turns to P i+ℓ and these equations are reduced
to the result found above (40). Consequently, pseudoduality causes the dirichlet boundaries to
shift by a constant parameter with the condition that the bulk volume remains unchanged 4.
Now consider the Neumann direction and take the σ-derivative of (50) and use (48) to obtain
the following results
P˜ i−j x˜jσ = (TM)ijPj−kxkσ + (TM)ij,mPm−kxkσxj (53)
b˜iℓx˜
ℓ
τ = (TM)
i
jb
j
ℓx
ℓ
τ + (TM)
i
j,mb
m
ℓ x
ℓ
τx
j (54)
where biℓ := P i+jbjkPk+ℓ is defined. From the first result (53) one obtains
P˜ i−j(TM)jk = (TM)ijPj−k (55)
P˜ i−j(TM)jℓ,k = (TM)iℓ,jPj−k (56)
and the second result (54) yields
b˜ij(TM)
j
k = (TM)
i
jb
j
k (57)
b˜ij(TM )
j
k,ℓ = (TM)
i
k,jb
j
ℓ (58)
These are all the relations that determine the boundary pseudoduality equations in case of mixed
boundary conditions. For the trivial case where TM is a constant, pseudoduality equations in
Dirichlet and Neumann directions simply become P˜ i±j x˜j = P i±jxj with the following conditions
P˜ i+jδx˜j = P i+jδxj P˜ i+j,k = P i+j,k
P˜ i−j = P i−j b˜ij = bij
4Notice that (52) gives P˜ i
+j,k = P i+j,k.
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Notice that Dirichlet projection operator is preserved while Neumann projection operator satisfies
the conditions in the first line. Locality constraint is obvious and given by the equality of
“projected” antisymmetric b-fields.
4 Pseudoduality in WZW Models
Analysis we established in above sections can be carried out for sigma models based on group
manifolds. We emphasize that group manifolds are mappings from Euclidean worldsheets. This
fixes the problems we encountered in supersymmetric cases in [9]. Let us consider a strict WZW
sigma model [14] based on a compact Lie group G of dimension n. Lagrangian of this model is
given by
L = 1
2
Tr(∂µg
−1∂µg) + Γ (59)
where Γ represents the WZ term, and the field g(τ, σ) defined on the Euclidean space (possibly
with −∞ < σ ≤ 0)[15] takes values in a compact classical Lie Group G and is given by the map
g : Σ → G. There is a global continuous G × G symmetry g → UgV −1, U, V ∈ G, which gives
g-valued5 conserved currents with zero curvature
jRµ = g
−1∂µg, j
L
µ = −∂µgg−1 (60)
The equations of motion in bulk space are ∂µjRµ = ∂
µjLµ = 0. The boundary equation of motion
at σ = 0 is
Tr(g−1∂σgg
−1δg) = 0 (61)
where g−1δg ∈ g. Obviously one obtains the Dirichlet and Neumann boundary conditions re-
spectively
δg = 0, ∂σg = 0 (62)
Notice that boundary equation of motion is equivalent to Tr(jτ , jσ) = 0. We know that both
currents generate the orthonormal coframes {j} on the pullback bundle g∗(TG) such that they
satisfy the Maurer-Cartan equation
dji +
1
2
f ikℓj
k ∧ jℓ = 0
where θi = ji, ji = jiadπ
a = (g−∂ag)
idπa and ωiℓ =
1
2
f ikℓj
k is the antisymmetric riemannian
connection. These coframes together with the corresponding riemannian connection satisfy the
Cartan structural equations (9)-(10). The bulk space pseudoduality equations in the first case
5g is the Lie algebra of G with a negative-definite invariant inner product < ·, · >.
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are given by j˜R = TjR and expressed in the following forms
j˜Rτ = Tj
R
τ (63)
j˜Rσ = Tj
R
σ (64)
We inquire the integrability conditions by taking ∂τ derivative of (63), ∂σ derivative of (64) and
adding them together to obtain
T−1(∂µT )j
R
µ = T
−1(∂τT )j
R
τ + T
−1(∂σT )j
R
σ = 0 (65)
Obviously T depends on currents jRτ and j
R
σ nonlinearly and solution requires using the identity
[16]
T−1(∂µT ) =
1− e−adX
adX
∂µX =
∞∑
k=0
(−1)k
(k + 1)!
[X, ...[X, ∂µX ]]
where we introduced an exponential solution T = eX 6, and adX : g → g, the adjoint represen-
tation of X , and adX(Y ) = [X, Y ], ∀Y ∈ g. We let X → ǫX for small parameter ǫ and look for
a perturbation solution to get
(∂τX)j
R
τ + (∂σX)j
R
σ = 0
in the first order of ǫ. Trivial solution is that X is a constant so that T may be chosen to be
identity. Therefore, pseudoduality maps the group manifold G to itself. The general solution
requires tedious analysis, and we just consider a restricted solution for simplicity. Assume that
both terms of partial differential equation is independent of each other so that solution for the
lie algebra valued X can be written as
X = {
∫
j−1τ dτ ∪
∫
j−1σ dσ} (66)
where we dropped the upper label R for convenience. Therefore, infinite number of pseudodual
currents can be written in terms of nonlocal currents using the pseudoduality expressions (63)
and (64)
j˜µ =
∞∑
n=1
ǫnj˜(n)µ (67)
Another intriguing result of special importance is the commutation relations between currents
living on pseudodual manifold and is obtained by taking ∂σ of (63),∂τ of (64) and subtracting
from each other
[j˜τ , j˜σ]G˜ = T [jτ , jσ]G + (∂σT )jτ − (∂τT )jσ (68)
where [·, ·]G and [·, ·]G˜ are bracket relations in G and G˜ respectively. Once we find the solution
for T using (66), we insert in (68) and come up with the bracket relation on the pseudodual
manifold G˜.
6X ∈ so(n), the Lie algebra of SO(n).
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In the second case pseudoduality equations are expressed by j˜ =∗Σ Tj and are written ex-
plicitly as
j˜τ = Tjσ (69)
j˜σ = −Tjτ (70)
where j stands for both jR and jL. Taking ∂τ of (69), ∂σ of (70) and adding together yields the
following commutation relation which gives rise to a solution for T
[jσ, jτ ]G = (T
−1∂σT )jτ − (T−1∂τT )jσ (71)
This is just a special case of (68) when the commutation relation of the pseudodual currents
vanish, i.e. [j˜τ , j˜σ]G˜ = 0. Likewise one takes ∂σ of (69), ∂τ of (70) and subtract to get a
commutation relation of pseudodual currents
[j˜τ , j˜σ]G˜ = (∂
µT )jµ = (∂σT )jσ + (∂τT )jτ (72)
Hence, using above expansion for T−1∂µT , one finds out a solution of T in (71) in terms of currents
jτ , jσ and commutation relation [jσ, jτ ]G and puts this solution in (72) to obtain a commutation
relation of the pseudodual currents as an infinite number of series in terms of currents on the
generic manifold M . In fact, case II pseudoduality generates an infinite number of commutation
relations while case I pseudoduality just yields an infinite number of currents in terms of currents
on manifold M . To find certain expressions for commutation relations, a specific solution should
be chosen.
Pseudoduality can be extended to boundaries using Stokes’ theorem as above section to obtain
the boundary pseudoduality expression in a simple form
g˜ = Tg (73)
It is obvious that if there is only Dirichlet boundary condition, then T is trivial, and identity. If
we only have Neumann boundary condition, then taking ∂σ yields that T only depends on τ . It
can be any τ -dependent function so that pseudoduality conditions are satisfied. Therefore, one
obtains the currents at boundaries
j˜σ = jσ, j˜τ = jτ + g
−1(T−1∂τT )g at boundary (at σ = 0)
In the presence of mixed boundary conditions one needs to perform analysis on the symmetric
spaces. This can be accomplished using above reasoning and results in [16].
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5 Concluding Remaks
We performed all possible pseudoduality transformations between different sigma models with
Euclidean signatures and extended our analysis to boundaries. We have seen that there could be
two different types of pseudodualities, each of which produced intriguing results reflecting their
own peculiarities. In case of pseudoduality producing coordinate diffeomorphism, Integrability
conditions led us to define modified connections ξ and ξ˜ on manifolds M and M˜ respectively.
These connections provided to find out a general pseudoduality condition (24), which yielded a
relation between curvatures with respect to the modified connections. We also obtained infinitely
many torsion relations and their covariant derivatives as given in (22), (28) and (29). In the
special case that these modified connections vanish, we found out that torsions and curvature
tensors are preserved under pseudoduality and produce the coordinate diffeomorphisms. Case II
pseudoduality more likely concerns the geometry of the manifolds and resulted in a conclusion
about the geometry of manifolds M and M˜ to be dual symmetric spaces with respect to modified
connections ξ and ξ˜ respectively. This results in a conclusion that pseudoduality imposes the
manifolds be symmetric spaces with opposite curvatures. This is the generic feature of case II
pseudoduality, not just special to sigma models due to (51) and (53). This type of pseudoduality
does not allow manifolds M and M˜ torsionful.
We have demonstrated that boundary pseudoduality gives the locality constraint and pre-
serves the antisymmetric two-form field. Boundary pseudoduality analysis leads to a convenient
framework for the pseudoduality of D-Branes.
Sigma models based on group manifolds yield an infinite number of nonlocal conserved cur-
rents under case I pseudoduality (67). We also obtained the commutation relations between
manifolds G and G˜ (68). Case II pseudoduality leads to appropriate commutation relations
of currents on both manifolds M and M˜ . Commutation relations on M˜ are expressed by infi-
nite number of terms as functions of currents and their commutation relations on manifold M .
Boundary conditions are used to find currents at boundaries.
In general, since pseudoduality is performed on the worldsheets integrability conditions are
determined by the metric of worldsheet. It turns out that Euclidean metric yields well-defined
results compared to Lorentzian metric when worldsheet is supersymmetrized. It is also intriguing
to construct pseudoduality on worldsheets with a general metric. We plan to explore this case
in a more general context.
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A Appendix
Lorentzian action corresponding to (1) is given by
S =
∫
dτdσ(
1
2
gij
∂xi
∂τ
∂xj
∂τ
− 1
2
gij
∂xi
∂σ
∂xi
∂σ
) + bij
∂xi
∂τ
∂xj
∂σ
) (74)
where the functions xi(σ) giving the dependence of the real coordinates xi of M on the real
coordinates σµ of Σ. The worldsheet Σ is endowed with the Lorentzian metric hµν . Notice that
this Lorentzian action is real. The bulks space equations of motion following from this action
will be
xiσσ − xiττ = −Γijk(xjτxkτ − xjσxkσ)−H ijkxjσxkτ (75)
with the corresponding Dirichlet and Neumann boundary conditions respectively
δxi = 0 (76)
xiσ − bijxjτ = 0 (77)
Pseudoduality equations are stated with θ˜ =∗Σ Tθ, where ∗Σ denotes the Hodge duality operator,
and given by the following pairs of equations
x˜τ = Txσ
x˜σ = Txτ
Therefore, particle-like solutions (σ-independent) on M get mapped into static soliton-like solu-
tions on M˜ and vice-versa. Integrability conditions for these equations yield that torsions of both
manifoldsM and M˜ vanish, and when extended to supersymmetry, pseudoduality transformation
is not invertible and not well-defined globally [9, 10, 11, 17].
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